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In this paper we consider dynamic friction within a bolted
structure deliberately used to improve damping propertiesof en-
gineering structures. The model considered for this paper con-
sists of two steel beam-columns bolted together allowing dy-
namic friction to occur at the interface. The theoretical anal-
ysis presented here, include two physical approaches. The first
approach is based on the optimization of the bolt tension to dissi-
pate the maximum vibration energy by the structure. As a result
of this analysis we develop analytical expressions for the energy
dissipated by friction damping and optimal bolt tension formax-
imum energy dissipation. The second part of the analysis deals
with the effect of friction on the mechanical properties of the
structure. In this analysis, we define analytical expression for
the vibration modes before and after slip occurs. We also defined
the stress profile across the column cross-section. The theoretical
analysis was validated by a set of experimental results.
NOMENCLATURE
µ Friction coefficient.
M The moment at distancex.
P Longitudinal force acting on the structure.
q(x) The external transverse load per unit length.
f (x) Friction force per unit length
∗Address all correspondence to this author.
r(x) The reaction force at the interface.
d The distance between the centrelines of the 2 beams.
h The distance between the centreline of the top beam and the
neutral axis of the structure.
w Lateral deflection.
u Relative displacement.
di The distance from the conterline of beami and the interface.
l The length of the column
ε Strain due to normal load
σ Normal stress across the beam section
m The mass of the beam.
Ub Bending energy.
U f Work done by friction Bending energy.
INTRODUCTION
In this paper we consider the effect of friction on the dy-
namics of a vibrating beam-column. The results presented here
are based on the idea of using bolted friction beam-columns to
protect lightly damped metallic structures under large vibration.
The set up consists of two steel beam-columns bolted together
allowing dynamic friction to occur at the interface. The sys-
tem has been shown to dissipate a large amount of vibration en-
ergy [1] when the bolt tensions are adjusted appropriately.The
concept is similar to leaf springs which have been in practice for
some time [2]. Emphasis is on structures with very low damp-
ing characteristics such as large constructions (i.e. buildings) or
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very small structures (e.g. MEMS). Consequently these struc-
tures are particularly sensitive to dynamic excitation, inthe case
of buildings, from wind or seismic loading. In some cases rel-
atively small loadings can induce considerable lateral vibrat on
that could result in damage to the structure.
The usual approach to providing more damping in a struc-
ture is to add some form of structural dampers, which can be
either passive or semi-active. For seismic applications a com-
mon way to apply more passive damping is in the form of base-
isolation, which is achieved by using rubber mounts to isolate
the structure from its foundations. Other passive damping de-
signs include special bracing mechanisms [3, 4] or devices fitt d
between columns and beams [5–7] of the structure. The semi-
active control mechanisms usually include regulating the pres-
sure of the friction joints using piezoelectric elements [8–10].
An overview of all the semi-active approaches previously imple-
mented is offered in [11]. An extended overview of a large part of
the literature on friction damping systems is presented in [12,13].
The model considered in this analysis, as mentioned before,
consists of two steel beam-columns bolted together so that dy-
namic friction is allowed at the interface. A similar model was
presented by Popp and al [1] where the optimum normal force
required was defined based on the maximum dissipated energy.
To work effectively, the bolted friction column must be designed
with the appropriate bolt tensions to dissipate significantvibra-
tional energy when dynamically excited. The friction damp-
ing effect only occurs when static friction between the beam-
columns is overcome, and can therefore be designed to hap-
pen only in extreme circumstances, such as an earthquake. At
all other times the structure operates in its usual low damping
regime. The potential advantages are that this method is sim-
ple, relatively cheap and reduces the need for active dampers or
additional cross-bracing.
The theoretical analysis presented in this paper include two
physical approaches. The first one deals with the structuralanal-
ysis of the beam-column. In this section, we develop expres-
sions for the vibration modes based on the dynamics of friction at
the interface. We also derive expressions for the stresses present
within the beam-column. The second approach is based on the
optimum energy dissipation by the structure. We derive analyti-
cal expressions for the energy dissipated by friction and its effect
on the vibration magnitude. To validate the analysis, we carry
out a set of experiments which we describe in this paper. The
experimental results show a good agreement with the analytic
predictions.
THE STRUCTURAL ANALYSIS
In this section, we relate the internal forces and reactions
within the structure to its vibration. The bolted friction beam-
column used in the following analysis involves two beams bolted
together as shown in figure 1. It will be assumed that the pres-
Figure 1. BOLTED FRICTION BEAM-COLUMN
sure applied by the bolts is approximated by a continuously di -
tributed load along the beam-column.
In this section we analyse the behavior of the structure in
figure 1 under different friction regimes. The forces actingalong
the beam-column are shown in the free body of a differential
element in figure 2. The beam-column is assumed to be under a
transverse and an axial loading.
Figure 2. THE FORCES ACTING WITHING THE BEAM-COLUMN
Figure 2 shows that the external forces and moments act-
ing on the whole structure can be expressed in terms of internal
forces acting on each beam separately. The internal moments
acting on each beam are still taken about the neutral axis of the
whole structure. The moment acting on the whole structure on
the left hand side can be expressed in terms of the internal forces
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and moments as follows
M = M1 +M2 +Pd−P2h, (1)
whered is the distance between the centrelines of the two beams
andh is the distance between the centreline of the top beam and
the neutral axis of the structure (figure 2). Taking the moment
equilibrium around pointc (figure (2)) results in
V1 = M
′
1 + f (x)d1. (2)
The reactions within each beam can be related to its deflec-
tion by considering compatibility, i.e the lateral deflection at any
point on the top beam is equal to the deflection of the lower beam.













In equation 4,P1 is unknown and further assumptions are
needed to define it. DifferentiatingP1 with respect tox will result
in the friction force at the interfacef (x) [1]
P′1 = − f (x), (5)
and
P′2 = f (x). (6)
At this stage the vibrationw is related to the friction force at
the interfacef (x) which is a function of the relative displacement
u between the two beams. Therefore a model relatingf (x) to u
is developed (figure 3). The friction hysteresis is approximated
by a parallelogram with respect to the relative displacement [1].
In all cases, the friction force is linearly related to the relative
displacement, therefore can be expressed as
f (x) = b+ku, (7)
whereb andk are constants that take different values depending
on each stage of the hysteresis andu is the relative displacement
between the two beams which will be defined below.
Figure 3. THE FRICTION MODEL
Next we need to define the relative displacement between
the two beams. Assuming that the beams are under both bending
and axial loading (figure 4), the relative displacement is defined
as
u = u2−u1 +w
′d, (8)
whereui is the longitudinal displacement of the centreline of
beami. By differentiating the previous equation to obtain the
relative velocity with respect to strain, we obtain
u′ = ε2− ε1 +w′′d, (9)
whereε is the strain due to the normal force. Therefore
εi = Pi/EiAi . (10)
Combining the previous equations to eliminateP1 in equation 4
results in
w′′′′−kαw′′ = kβM−λM′′. (11)
for identical beamsα = 1E (
Ad2+4I
AI ), β =
1
E2IA
andλ = 12EI .
All the equations, derived so far, describe static conditions.
To describe dynamic conditions we relate the moment to the dy-
namic deflection. Under free vibration, the moment is related to
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Figure 4. THE RELATIVE DISPLACEMENT BETWEEN THE TWO
BEAMS







wherem is the mass beam.
Referring to figure 3, the friction-displacement parallelo-
gram can be divided into sticking and slipping phases. During
the sticking phase, the two beams act as one. Therefore, we
assume that the relative displacementu is negligible regardless
of the friction force magnitudef (x). Consequentlyk → ∞, and





Differentiating equation 13 twice with respect tox and replacing









Equation 14 describes the transverse vibration of a single beam
with the same size as our beam-column. This means that in the
absence of slip at the interface, the beam-column will be acting
as a single beam. Equation 14 can be solved exactly — see for
example [15].
The second phase in the friction-displacement parallelogram
is the slipping phase which is only achievable if the static friction
between the columns is overcome, i.e.
f (x) ≤ µq(x), (15)
whereq(x) is the load applied by the bolts. To operate effec-
tively, the bolted friction beam-columns must be designed with
the appropriate bolt tensions to dissipate significant vibrat on en-
ergy when dynamically excited. The bolts tension needs to be
selected to allow slipping to take place under external vibrat on.
Therefore the friction forcef (x) at the interface needs to be ex-





Combining equations 15 and 16 would result in the optimal load





Now that the beam-column is within slipping phase, the fric-
tion force is assumed to be constant regardless of the magnitude
of the relative displacement, therebyk → 0. The differential
equation 11 can be simplified in the following form
w′′′′ = −λM′′. (18)
At this stage the neutral axis moves from the single line in figure
2 to two different neutral axes within each beam. We assume
that the beams still have the same vibration mode. Combining









Equation 19 represents the vibration of a beam with bending
stiffness double the stiffness of each column and it can be solv d
exactly — see for example [15].
At this point we need a better understanding of the effect of
dynamic friction on the stresses within the beam-column. Dur-
ing sticking phase, we assume that the stress profile is exactly
the same as for a single beam under the same loading conditions.
However, during the slipping phase, we assume that the struc-
ture encounters two neutral axes, one in each beam. Therefor
the stress profile across the cross-section of beam-column is ap-
proximated by the shape in figure 5. The stress profile onbeam1
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Figure 5. STRESS PROFILE
can be expressed in terms of the maximum stresses at the outer
surfaces as follows




At this stage the maximum stresses should be related to the
deflection of the beam. For example, for the first beam, this is
done by integrating the stress to obtain the normal loadP1 and
momentM1 [14]. After rearranging the equations and assuming
that the external longitudinal loadP = 0, the maximum stresses










The stress profile of a normal column under bending shows that
the maximum stress is recorded at the furthest points from the
neutral axis, i.e. on the outer surfaces. The analysis in this sec-
tion shows that these stresses will be reduced under dynamicvi-
bration.
Up to now, we explored the effect of friction on the struc-
tural properties of the beam-column. Next we will investigate
the energy dissipated through friction and its effect on thebeam-
column dynamics.
ENERGY ANALYSIS
The energy that should be considered in the case are the
bending energy and the work done by friction. We assume that
the viscous damping is negligible in comparison to the friction
damping. All the assumptions made before are valid for this anal-
ysis. The bending energy for any beam is defined as the integral





2 ×sti f f ness×de f lection
2). For our beam-column,
the bending stiffness is 2IE(from equation 19). Therefore the





Next, we define the work done by friction. For any structure,
the work done by friction is defined as the product of the friction
force and the distance it moves, i.e.U f = f orce×distance. In
the case of our beam-column, the friction force isf (x) and the






Now, we need to determineU f in terms of the beam-column vi-
bration. Using equation 8, and assumingu1 = u2 = 0, u can be





To form the energy equation for the structure we sum up the






At this stage, we have the energy equation and we need to apply
it to our beam-column. Therefore we assume that the deflection





whereW is the deflection magnitude at the free end of the of the
beam-column. To analyse the effect of the energy dissipation on
the beam vibration, we write the energy expressions at time1
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Figure 6. THE EXPERIMENTAL SET UP







i ) = µq(x)d(Wi+1−Wi), (28)
whereWi is the tip deflection at timet1 andWi+1 at t2 = t1 + π.
If the deflectionWi is known, equation 28 can be used to predict
the deflectionWi+1 at timet2. Therefore equation 28 can be used
to predict the vibration of the beam-column based only on the
initial deflection at timet0.
EXPERIMENTAL SET UP
The experimental set up consists of single beam-column
composed of two beams (figure 6). The properties of each beam
are listed in appendix A. We monitored the normal pressure ap-
plied by the bolts using load cells. We also installed a number
of strain gauges on the outer surfaces of the beams as shown in
figure 6 to monitor the stress magnitudes as the beam vibrates.
The velocity at which the structure vibrates was measured using
a laser vibrometer.




































































































Figure 7. THE DYNAMICS OF THE COLUMN AS THE BOLT TENSION
IS INCREASED BEFORE THE CRITICAL VALUE.
RESULTS AND DISCUSSION
The measurements taken from the experiments are displayed
in figures 7 and 8 whereq(x) is the tension in each bolt. On the
graphs in figures 7and 8 , both experimental and theoretical re-
sults are displayed. The theoretical predictions where calcul ted
from the energy equation 28 after it was rearranged and simpli-
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Figure 8. THE DYNAMICS OF THE COLUMN AS THE BOLT TENSION
IS INCREASED AFTER THE CRITICAL VALUE.





if Wi ≤ 0.
Equations 29 and 30 were used in a numerical model repeat-
edly to determine the vibration amplitude for a length of time.
It is clear that the theoretical predictions agree very wellwith
the experimental results. We can see on figure 7 that the vibra-
tion magnitude and duration is visibly reduced as the loadq(x) is
increased. After a number of cycles it seems that the experimen-
tal results converge to zero whereas the theoretical predictions
keep oscillating. The reason for that is the fact that duringthe
first cycles of vibration, the friction damping is dominant there-
fore it shows good agreement with the theoretical predictions.
However, when a certain magnitude of vibration is reached, slip
(i.e dynamic friction) no longer occurs and the friction damping
drops quickly to near zero. At this stage the beam-column starts
acting as a single beam with predominant viscous damping. For
the best use of the friction damping, we need to know the condi-
tions that cause slip to fail. From equations 29 or 30 we can see





whereW∗i is the critical vibration amplitude at which slip fails.
It can be seen that increasing the bolt tensionq(X) results auto-
matically in the increase ofW∗i . As the bolt tension increases,
more relative displacement is required for slip to occur. Hence,
slip starts failing at higher vibration magnitudes, and thecolumn
starts behaving as a single beam with only viscous damping. This
can be clearly seen on figure 8, where slip fails at higher vibra-
tion amplitudes and friction damping becomes increasinglyless
effective. Consequently, vibration takes increasingly longer to
converge when bolt tension is increased. ThereforeW∗i should
be selected as low as possible to insure the safety of the struc-
ture.
To measure the effectiveness of the friction damping, we
calculated the total displacement of the beam-column before it
stops vibrating and plotted it against the bolt tension in figure 9.
We consider that friction damping is most effective when theto-
tal displacement is the lowest. The theoretical model basedon
equations 29 and 30 showed that, for the specific beam-column
we used in our experiments, The optimum bolt tension that en-
sures maximum energy dissipation isq(x)∗ = 31.8N for every
bolt.The experimental results show that the friction damping is
most effective atq(x) = 33.62N for every bolt, which is very
close to the theoretical optimal value (figure 9).
CONCLUSIONS
In this paper we have shown that dynamic friction within
a bolted structure can provide effective vibration damping. We
proved both theoretically and experimentally that large amounts
of energy can be dissipated when the bolt tension is chosen ap-
propriately. We used the derived energy equations in a numerical
model to predict the vibration of the beam-column that we used
in the experiments. The results provide a good match between
the numerical simulations and the experimental data. We also
demonstrated that the effectiveness of friction damping isa com-
promise between a normal force high enough to overcome static
friction and reasonably low for slip not to fail. The estimated
critical value for the bolt tension that ensures maximum damp-
ing correlates very well to the experimental data.
The theoretical analysis showed that the friction at the intr-
face alters between stick and slip modes depending on both mag-
nitude of vibration and bolt tension. under low vibration condi-
tions, or high bolt tensions, the structure acts as a single beam
with no effect of the friction. When slip is triggered, we have
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Figure 9. THE RESPONSE OF THE COLUMN AS THE BOLT TENSION
IS INCREASED
shown both experimentally and analytically that large amounts
of energy are dissipated and vibration damping has largely im-
proved.
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APPENDIX A: The Mechanical Properties Of Each
Beam
Beam dimensions: 0.3×0.0125×0.0005m3 Young’s mod-
ulus : 167GPaBending stiffness: 0.13mm4 Density: 6970kg/m3
Coefficient of friction: 0.3
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